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REGULARITY OF FINITE-DIMENSIONAL REALIZATIONS FOR 
EVOLUTION EQUATIONS 

DAMIR FILIPOVIC AND JOSEF TEICHMANN 


Abstract. We show that a continuous local semiflow of C^-maps on a flnite- 
dimensional C^-manifold M with boundary is in fact a local C^-semiflow on M 
and can be embedded into a local C*^-flow around interior points of M under 
some weak assumption. This result is applied to an open regularity problem 
for finite-dimensional realizations of stochastic interest rate models. 


1. Introduction 

Let fc > 1 be given. We consider a Banach space X and a continuous local 
semiflow FI of -maps on an open subset U C A , i.e. 

i) There is e > 0 and V C X open with FI : [0, e[xV X a. continuous map. 

ii) Fl{0,x) = X and Fl{s, Fl{t, x)) = Fl{s t,x) for s,t,s-\-t G [0,e[ and 
X, Fl{t, x) G V. 

iii) The map Fit : U ^ A is for t G [0, e[. 

To shorten terminology we say that “FI” is a continuous local semiflow of Ca¬ 
rnaps on A if for any x G A there is an open neighborhood V C A of x and a 
continuous local semiflow FI = Fl^^'> of C^-maps on V, such that Fl^^'^'> = Fl^^^'> on 
Vi n V 2 . Continuous local semiflows of C^-maps appear naturally as mild solutions 
of nonlinear evolution equations (see Appendix A). The continuous local semiflow 
FI is called or local -semiflow if FI : [0,e[xU ^ A is C^. 

We assume that we are given a finite-dimensional -submanifold M with bound¬ 
ary of A such that M is locally invariant for FI, i.e. for every x G M nV there 
is 5x G]0,e[ such that Fl{t,x) G M for 0 < t < 6x- In this case FI restricts in a 
small open neighborhood of any point x & M nV to a continuous local semiflow 
of C^-maps on M, see Lemma o below, where we make the restriction precise. 
A continuous local semiflow of C^-maps on M is defined as above, the same for 
local C^^-semiflows: notice however that the manifold might have a boundary (for 
the notions of analysis in this case see for example [HI). By TxM we denote the 
(full) tangent space at x G M, even at the boundary. By {TxM)^^ we denote the 
halfspace of inward pointing tangent vectors for x G dM. The boundary subspace 
of this halfspace is the tangent space of the -submanifold (without boundary) 
dM, these are the tangent vectors parallel to the boundary. 

We shall prove that the restriction of a continuous local semiflow of C^-maps 
FI to a C^^-submanifold with boundary M is jointly and can in particular be 
embedded in a local C^-flow around any interior point of M. We shall apply classical 
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methods from [^1 developed to solve the fifth Hilbert problem. Nevertheless we have 
to face the difficulty that FI is only a continuous local semiflow. We can prove the 
result under a weak assumption, which will always be satisfied with respect to 
our applications. This problem arises in several contexts, for example recently in 
interest rate theory, see [HE]. 

We first cite the classical results from Dean Montgomery and Leo Zippin [H] and 
draw a simple conclusion, which illustrates, what are going to do, namely proving 
a non-linear version of Example o 

Theorem 1.1. Let M he a finite-dimensional -manifold and FI : M. x M ^ M 

a eontinuous flow of -maps on M, then FI is a C^-flow on M. 

Example 1.2. Let S be a strongly continuous group on a Banach space X and 
assume that M is a locally S-invariant finite-dimensional -submanifold of X. 
Then M C D{A^), where A denotes the infinitesimal generator of S, and the 
restriction of A to M is a -vector field on M. 

The paper is organized as follows. In Section El we prove the extension of The¬ 
orem o for continuous local semiflows of C^-maps. In Section El we apply this 
result to a problem that arises in connection with stochastic interest rate models 
as it has been announced in |5]: finite-dimensional realizations are highly regular 
objects, namely given by submanifolds with boundary of D{A^), where A is the 
generator of a strongly continuous semigroup. The appendix contains a regularity 
result for the dependence of solutions to evolution equations on the initial point. 

We end this section by the announced lemma. Let M be a finite-dimensional 
C^-submanifold with boundary and let M be locally invariant for FZ, as defined 
above. We denote by ]R"g the halfspace {x S K"; Xn > 0}, consequently ]R>o is the 
positive halfline including 0. 

Lemma 1.3. For every x G M DV there exists an open neighborhood V G X of x 
and e' > 0, such that Fl{t,y) G M for all {t,y) G [0,e'[x(W n M). 

Proof. Take x G M and a C^-submanifold chart u : U C X ^ X with u{U fl M) = 
{0} X IT C {0} X K>o, where U C U C V is open and x G U, W C ]R>g is 
open, convex. Here n denotes the dimension of M. We may assume that u has a 
continuous extension on C/ with u{U n M) = u{U fl M) = {0} x IT by restriction 
of U. The closure of t/ fl M is taken in M. 

For y G U define the lifetime in Z7 fl M 

T{y) := sup{0 < t < e [ \/0 < s < t : Fl{s,y) G U Ci M,}. 

By continuity of Fl we have Fl{T{y),y) G F H M \ ([/ n M) if T{y) < e. We 
claim that there exists an open neighborhood V' C U oi x in X and e' > 0 such 
that T{y) > e' for all y G V. Indeed, otherwise we could find a sequence (ai„) in 
17 n M with Xn ^ X and e > T{xn) 0. But this means that u{Fl{T{xn),Xn)) G 
{0} X (IT\ IT) converges to u(FZ(0, a;)) = u{x) G {0} x IT, a contradiction. Whence 
the claim, and the lemma follows. □ 

2. The classical proof revisited 

Since we are treating local questions as differentiability, we can - without any 
restriction - assume that / : [0,£[xT ^ R>q is a given continuous local semiflow 
of C^-maps, where V is open, convex in K.>q. For the notion of differentiability 




REGULARITY OF FINITE DIMENSIONAL REALIZATIONS 


3 


on manifolds with boundary see for example [HI. We do not make a difference in 
notation between right derivatives and derivatives, even though on the boundary 
points in space or time, respectively, we only calculate right derivatives. We shall 
always assume in this section that / is continuous and f{t,.) is for all t G [0, e[, 
for some fc > 1. We shall write /(<, x) = (/i(t, a;), fn{t, x)) for (t, x) G [0, e[xV. 

Assumption (crucial). We assume that for any x G V there is Sx > 0 such that 
Dxf(t, x) is invertible for 0 < t < Sx (Dxf denotes the derivative with respect to 
x). 

Lemma 2.1. The mapping {t,x) i—> Dxf(t,x) is continuous. 

Proof. For the proof we proceed from the Baire category Theorem and Lemma 2 
of [H] on p. 198. We then have the following result: 

Let Z be any compact interval, V the open set in ]R"q and let F : Z x V —> R 
be a continuous real valued function, such that F{g, .) is for any g G Z. Given 
a G V and 1 < i < n, the set of points go G Z such that is continuous at 

{go, a) is dense in Z, even more, the set where it is not continuous is of first category 
in Z. 

Let now a G V he fixed, then the set of points to S [0,e[ such that := -^fj 
is continuous at {to,a), for all 1 < i,j < n, is everywhere dense in [0,e[. We shall 
denote this set by la. In addition the determinant det(/y) is continuous at these 
points, too. We want to show now that for fixed a G V the mappings fij are 
continuous at (0, a). Notice that the determinant at any point of continuity (to, a), 
with to G la small enough, is bounded away from zero in a neighborhood. 

We fix o G y, then for to G [0, e[ 

/(to + h,a + y) = /(to, fi{h, a + y),..., fn{h, a + y)) 

for h > 0 and y G R>o, both sufficiently small, hence 

Dxf {to + h,a + y) = Dxf {to, f{h, a + y)) ■ Dxf{h, a + y). 

There is to G la such that Dxf {to, z) is invertible in a neighborhood of a, hence 

Dxf{to,f{h, a + y))~^ ■ Dxf {to + h,a + y) = Dxf{h, a + y) 

and therefore 

id= lim Dxf{tQ,f{h,a + y))~^-Dxf{to + h,a + y)= lim Dxf{h,a + y) 
hlO.y^O hl0,y^0 

by continuity of Dxf at (to, a), continuity of / in both variables and the continuity 
of the inversion of matrices. So 0 G /a for aW a gV . 

Now we can conclude for arbitrary t g] 0, £[ in the following way: 

Dxf{t + h,a + y) = Dxf{t, f{h, a + y))- Dxf{h, a + y) 

for h > 0 and y G R" q sufficiently small, hence by continuity at (0, a) 

lim Dxf{t + h,a + y) = lim Dxf{t,f{h,a + y))-Dxf{h,a + y)=Dxf{t,a). 
^lO.y—»0 hl0,y^0 

For left continuity we apply 

Dxf{t, a + y) = Dxf{h, f{t -h,a + y))- Dxf{t -h,a + y) 
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for h > 0 and y G sufficiently small, hence by continuity of Dxf at (0, a) and 
(0,/(t, a)), the continuity of D^f in the second variable and the existence of the 
inverse for small h 

lim Dxf{t-h,a+y)= lim Dxf{h,f{t-h,a+y))~^-Dxf{t,a+y) = Dxf{t,a). 

hl0,y^0 hlO.y^O 

Consequently the desired assertion holds. □ 

In the next step we shall show that there is a derivative at 0. 

Lemma 2.2. The right-hand derivative -^f{t,x)\t^o exists for x G V, and for 
small h > 0 we have the formula 


f{h,x)-x = J Dxf{t,x)dt ■ {^f{0,x)). 

Moreover, -^f{t, ■)|t=o : V continuous. 

Proof. We may differentiate with respect to x under the integral sign by Lemma 
IQ und uniform convergence, so 


T{h,x) := f f{t,x)dt 
Jo 

DxT{h,x):= [ Dxf{t,x)dt. 

^0 


By the mean value theorem we obtain 


T{h, y) - T(h, x) = DxT(h, x){y - x) 
where x G [x, y]. Now we take y = /(p, x), then 

fh+p 

f{t,x)dt - 

to 


pn-\-p nri 

T{h,y) -T{h,x) = / f{t,x)dt- / f{t,x)dt 
Jp Jo 

ph-\-p rp 

= / fit,x)dt- / f{t,x)dt, 
J h Jo 


which finally yields 

-{ [ f{t-\-h,x)dt- f f{t,x)dt) = DxT{h,x)[-{f{p,x) - x)]. 

P Jo Jo P 

This equation can be solved by joint continuity of {h, z) <—>■ Dxf{t, z)dt: we 
obtain for small h and a compact set in x that the expression is in a small neigh¬ 
borhood of the identity matrix. So inversion leads to the desired result and then 
to the given formula. 

The formula asserts again by inversion, that the derivative is continuous with 
respect to a;. □ 
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By the semigroup-property and the chain rule, the result of Lemma |^21 can be 
extended for 0 < t < e, and the derivative of exists for all t G [0,e[. Indeed, 

pio p pio p at 

f{t,x) - f{t-p,x) f{pj{t-p,x)) - f{t-p,x) 

lim- = lim- 

pIO p pXO 


P 


= f D^f(t, f{t - p, x))dt)-^f{0, f{t - p, x)) 

pio p Jq dt 

= ^fiOJ{t,x)) 

by Lemmas 12.11 and 12.21 Consequently for small h > 0 

= ^/(0,/(t,a:)) = (^ D^f{s,f{t,x))ds)-^-{fih,x)-x). (2.1) 

In particular {t, x) is continuous in both variables on the whole domain 

of definition. 


Lemma 2.3. The semiflow / is in both variables. 

Proof. If f{t, .) is for t G [0,e[, then the r-jet 

{f{t,Xo),D^f{t,Xo) ■ xi,...,Dlf{t,xo) -xi ■ ... -Xr) 

for {t, To, Ti,..., Xr) G [0,£[xl^ X K" X ... X R" is a local semiflow of C'^“’'-maps, for 
0 < r < /c — 1. For r = 1, the 1-jet is a continuous, local semiflow of C^^^-maps, by 
Lemma ED Assume that for r < k the r-jet is a continuous, local semiflow then, 
by Lemma l2 .1 1 asrain. the (r -|- l)-jet is continuous. By induction 

{t,x) ^ Dlf{t,x) 

is continuous in both variables for 0 < r < k. 

If we apply the above results to the r-jet for r < k, we conclude by equation EU 
that x) can be (k — r) times differentiated with respect to the t-variable, and 

these derivatives are continuous. Hence / is in both variables. □ 

Theorem 2.4. Let k > 1 he given and let FI : [0,£[x[/ M be a local semiflow 
on a finite-dimensional -manifold M with boundary, which satisfies the following 
conditions: 

i) The semiflow FI : [0,£[x{7 —>■ M is continuous with U C M open. 

ii) The mapping Fl{t, .) is . 

hi) For fixed x G U there exists Sx > 0 such that TxFl{t,.) is invertible for 
0 < t < Ex. 

Then FI is and for any xq G U\dM there is a local C^-flow FI :] —<5, 5[xy —> M 
with V C U \ dM open around Xq and S < e such that Fl{y, t) = Fl{y, t) for y G V 
and 0 < t < 6. This also holds for the smooth case (k = oo). 

Proof. By the previous lemmas the map FI : [0,£[xl7 —> M is a C^-semiflow 
on M. We fix tq G U \ dM, then there is 0 < <5 < £ and W C U open in 
M \ dM, such that {t,x) i—> {t,Fl{t,x)) is C^-invertible on [0, i5[xIF by the C^- 
inverse function theorem on manifolds with boundary (see |S]). We then choose an 
open neighborhood V C r\o<t<sFl{t, W) of tq in M \ dM. Therefore we can define 
Fl{—t,y) := {Fl{., .)}~^{t,y) for t G [0,(5[ and y G V. Since this is the unique 
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solution in z of the C^-equation Fl{t,z) = y, we obtain a C^-map FI. The flow 
property holds by uniqueness, too. Notice that V can be chosen independent of 
k. □ 

Remark 2.5. Remark that for evolutions (which correspond in the differentiable 
case to time-dependent vector fields) we can pass to the extended phase space and 
apply the results thereon. 


3. Applications 

The following application has been announced in [2] in connection with finite¬ 
dimensional realizations for stochastic models of the interest rates. Let X be a 
Banach space, S a strongly continuous semigroup on X with infinitesimal generator 
A : D{A) X, and let P ; X ^ X be a locally Lipschitz map. For x G D(A) we 
write 

fi{x) := Ax P{x). 

Proposition IX2l yields the existence of a continuous, local semiflow FF of mild 
solutions to the evolution equation 

^x{t) = y{x{t)). (3.1) 

That is, for every xq € X there exists a neighborhood U of xq in X and T > 0 such 
that FF e C'([0,T] x U,X) and 

FF{t,x) = Stx+ [ St-sP{FF{s,x))ds, W{t,x) G [0,T] x U. (3.2) 
Jo 

Now let A: > 1, and M he a finite-dimensional C^-submanifold with boundary in 
X, which is locally invariant for FF. Hence, by Lemma 1 1.31 xq G M implies 
FF{t,x) G M for all {t,x) G [0,T] x {U Ci M), for some open neighborhood U of 
Xq in X and T > 0. By the methods of ^ (see also Remark 13.31 below) we obtain 
that necessarily M C D{A) and 

yx G M : fi{x) G Tj;M and Va; G dM : p,{x) G (3.3) 

since y has to be additionally inward pointing. We now can strengthen this result. 
Theorem 3.1. Suppose 

k 

P GP\C^-ffX,D(A^)) (3.4) 

r—0 

and D^P is locally Lipschitz continuous. Then M C D{A^) and /j,|m a C^~^- 
vector field on M. 

Proof. Let a;o £ M, and U, T as above. Hence FF{t,x) G M for all {t,x) G 
[0,T] X {U D M). By the assumptions we made. Theorem I A. 31 applies and we may 
assume that FF{t, ■) is on U for all t G [0,r]. Now let a; £ 17 n M. We claim 
that there exists £x > 0 such that 

DxFF(t,x) : TxM —>■ TpiiJ,(^t,x)AI is invertible for 0 <t < Sx- (3.5) 

Indeed, let y G X. The directional derivative DxFF{t,x)y is continuous in t on 
[0, T], see IIA.511 . Hence (Tnil and dominated convergence imply that 

Dj;Flf^{t,x)y = Sty -\- [ St-sDP{FF{s,x))Dj;FF{s,x)y ds. 

Jo 
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By the bound foil we conclude that 

sup \\Da:Fl^{t,x)y-y\\< sup \\Sty - y\\ + 0{t), 

y&T^M,\\y\\<l yeT^M,\\y\\<l 

where 0{t) —> 0 for t ^ 0. Since T^M is finite-dimensional, it is easy to see that 

sup 115(2/- j/ll ^ 0 fort^O. 

yGT,M. ||y||<l 

Hence there exists > 0 such that DxFF{t,x) restricted to T^M is injective, and 
hence invertible, for all t G [0,e2,]. This yields the claim (Id.511 . 

Therefore Theorem 12.41 applies and FF : [0,T] x ([/ IH M) M is . In 
particular, since /r(x) = dtFF{0, x), fi\M is a C^^^-vector field on M, and FF{-, Xq) 
is on [0,T]. 

/.From (Tnil we have 

Stxo = FF(t,xo) - [ St-sPiFF(s,xo))ds, te[0,T]. 

Jo 

By E3, the integral on the right is in t G [0,T]. Indeed, we obtain inductively 
by dominated convergence 

dl [ St-sPiFFis,xo))ds = dl-^P{FFit,xo)) + dl-^AP{FF{t,xo)) 

Jo 

+ ... + A’-^P{FFit,xo))+ [ St-sA’-piFF{s,xo))ds, 

Jo 

for r < k. We conclude that StXo is in t G [0,T]. But this means that 
Xq G D{A^) and the theorem is proved. □ 

We now consider a setup that is given in [2]. Let IT be a connected open set in 
X, d>l and a = (ui,..., ad) such that 

(Al): P and tTi are Banach maps from X into D{A°°), for 1 < i < d. 

(A2): y,ai,... ,ad are pointwise linearly independent on W H D[A°°). 

For the definition of a Banach map see mm. The Banach map principle (gl 
Theorem 5.6.3]) yields that each generates a local flow FF' on X with the 
following property: for every Xg G X there exists an open neighborhood V of Xg in 
X and T > 0 such that 

e C°°(]-T,T[xH,A) and FZ'"* s - T, r[x W, D(A~)), 

where V ■.= V r\ D{A°°) is considered as an open set in D{A°°), and FF'{-,x) is 
the unique solution of 

^x{t) = ai{x{t)), x(0) = X, (t, x) e] - r,T[xH. 

Local invariance for FF* is defined as for FF above. 

Theorem 3.2. Let M C W be a {d + 1)-dimensional C°°-submanifold with bound¬ 
ary of X. If M is locally invariant for FF, FF^,..., FF‘‘, then M is a (7°°- 
submanifold with boundary of D{A°°). 

Proof. Theorem 13.11 implies that M C D{A°°) and y.\M is a C'^-vector field on M 
with respect to the given differentiable structure as submanifold with boundary of 
X. Furthermore ai,... ,ad restrict to smooth vector fields on M and cri(x) G TxdM 
for X G DM, since ai{x) and —ai{x) have to be inward pointing by local invariance. 


DAMIR FILIPOVIC AND JOSEF TEICHMANN 


We do also have integral curves for ^ and cti, ..., cTd on D{A°°) which coincide with 
the respective integral curves on X on the intersection of the domains of definition 
if they start from the same point. 

We have to construct submanifold charts for M, such that M is also a sub¬ 
manifold with boundary of D{A°°). We shall do this by constructing smooth 
parametrizations a : U ^ D{A°°) for any point xq G M, then we apply j21 Lemma 
3.1], 

Let xo & M\dM. From [2 Section 2] we know that the vector field p, generates a 
smooth local semiflow on D{A°°), which coincides locally by uniqueness of integral 
curves with the local (7°“-flow of /j,|m on a neighborhood of xq. This means in 
particular that t i—> {t,xo) is smooth with respect to the topology of D{A°°). 

As in the proof of [3 Theorem 3.9] it follows, by (A2), that 

a{u, xo) := FlZl o • • • o Fl^ o FF^f^^ {xo) : U ^ D{A^), 

where U is an open, convex (sufficiently small) neighborhood of 0 in is a dif- 

feomorphism (it has maximal rank) to an open submanifold N C M with respect 
to the differentiable structure as submanifold with boundary of X. But a is addi¬ 
tionally a smooth parametrization of a submanifold N C M C D{A°°), therefore 
we constructed for the open subset A of M an appropriate chart as submanifold of 
D{A'=^) by H Lemma 3.1]. 

For the boundary points xo G dM the argument is simpler: first we observe that 
ai{x) are parallel to the boundary for x G dM. In this case it is sufficient to define a 
on an open, convex subset U C xR>o. Again a is a smooth diffeomorphism to an 
open submanifold with boundary N G M with respect to the original differentiable 
structure, but by |21 Lemma 3.1] this is also a smooth parametrization of a fV as a 
submanifold of D{A°°). 

Whence we have constructed submanifold charts with respect to D{A°°), so 
M C D{A°°) is also a submanifold with boundary of D{A°°). □ 

Remark 3.3. The Nagumo type consistency results in pQ have been derived for 
submanifolds without boundary. These results can be extended to submanifolds with 
boundary. There are two key points. First, any submanifold with boundary M 
can be smoothly embedded in a submanifold without boundary, say M, of the same 
dimension. Then the main arguments in pp carry over: to derive the Nagumo type 
consistency conditions at a point x & M it is enough to have local viability of the 
process with initial point x G M in M (and hence in M). Consequently we obtain 
the Nagumo type conditions for the whole of M (including the boundary!). Second, 
the coefficients of a diffusion process (i.e. the coordinate process) viable in a half 
space have to satisfy the appropriate inward pointing conditions at the boundary. 
We refer to |Zj for the rigorous analysis. 

Appendix A. Regular Dependence on the Initial Point 

Let X be a Banach space, S a strongly continuous semigroup on X with infini¬ 
tesimal generator A, and P : R>o x X ^ X a continuous map. In this section we 
shall provide the basic existence, uniqueness and regularity results for the evolution 
equation 


^x{f) = Axit) + P(t, x(t)). 
dt 


(A.l) 
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We first recall a classical existence and uniqueness result (see [HI Theorem 1.2, 
Chapter 6]). 

Theorem A.l. Let T > 0. Suppose P : \0,T] y. X ^ X is uniformly Lipsehitz 
eontinuous (with constant C) on X. Then for every x € X there exists a unique 
mild solution x{t), t G [0,T], to EjP with x(0) = X. If x{t) and y{t) are two mild 
solutions of Ejp with x(0) = X and y{Q) = y then 


sup \\x{t)-y{t)\\ < Me 


MCT\ 


t6[0.T] 


where 


M := sup 115(11. 
te[o,T] 


(A.2) 


(A.3) 


There is an immediate local version of Theorem lA.ll We say that P : ]R>o xX ^ 
X is locally Lipsehitz continuous on X if for every T > 0 and K > 0 there exists 
C = C{T,K) such that 

\\P{t,x) - P{t,y)\\ < C\\x - y\\ 
for all t G [0,r], and x,y G X with ||x|| < k and ||?/|| < k. 

Proposition A.2. Suppose P : ]R>o x X ^ X is locally Lipsehitz continuous on 
X. Let xo G X. Then there exist a neighborhood U of xq and T > 0 sueh that, 
for every x G U, equation EIP has a unique mild solution x{t), t G [0,T], with 
x(0) = X. If x{t) and y{t) are two mild solutions of (jUJ with x(0) = x G U and 
2/(0) = y GU then (IA.2II holds, for M as in 1A.3II and some C = C{T, U). 


Proof. Set K := 2||xo|| and hx T' > 0. Define 


P{t,x) := 


P{t,x), 

P(t,Kx/\\x\\ 


if ||x|| < K, 
if ||x|| > K. 


Then P : \fI,T']xX ^ X is uniformly Lipsehitz continuous on X with constant C = 
C{T', K). Hence Theorem lA.ll vields existence and uniqueness of mild solutions for 
equation HU where P is replace by P. By IIA.2II there exists 0 < T < T' and a 
neighborhood U of xq such that supjgjQ yj ||a;(t)|| < K for every mild solution x(t) 
with x(0) G Lf. It is now easy to see that T and Lf satisfy the assertions of the 
proposition. □ 

Here is the announced regularity result. 

Theorem A.3. Let k > 1. Suppose P : ]R>o x X ^ X is in x, and D^P 
is continuous on ]R>o x X and locally Lipsehitz continuous on X. Let xq G X . 
Then there exists an open neighborhood U of xq and T > 0, and a map F G 
C([0,r] X U, H) such that, for every x gU, F{-,x) is the unique mild solution of 
iA.ll) with F{0, x) = X. Moreover F(t, •) G C^{Lf, X) for all t G [0, T]. 

Proof. By assumption, D^P is continuous on ]R>o x X and locally Lipsehitz con¬ 
tinuous on X, for all r < k. Hence Pror)osition lA.2l vie1ds the existence of U, T and 
F G C([0,T] X U,II) such that F{-,x) G C'([0,T],7L) is the unique mild solution of 
HU with F(0, x) = X, for all x GU. It remains to show regularity of F{t, •). 
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Let X G U and y G X. The candidate, say x, y), for the Gateaux directional 
derivative DxF(t, x)y is given by the linear evolution equation 

X, y) = X, y) + D^Pit, Fit, x))ii){t, x, y) 

= y- 

Since Ci = Ci{x) := supt^jQ^j \\DxP{t, F{t, x))\\ < oo, Theorem I A. II yields the 
existence of a unique mild solution 


i;{;x,y)GC{[0,T],X) 

to 1A.4II . and by IIA.211 


sup \m,x,y)\\<Me^^^^\\y\\. 
te[o,T] 


(A.5) 

(A.6) 


Now let t G [0,T] and (a;„) be a sequence in U converging to x. We claim that 


sup \\ip{t,Xn,y) - ilj{t,x,y)\\ ^ 0, for n-> oo. (A.7) 

I|y||<i 


Indeed, A„(t) ;= Xn, y) — tp{t, x, y) satisfies 

A„(t) = f St-s{DxPis,F{s,x„))'ip{s,x„,y) - DxPis,F{s,x))'ip{s,x,y)) ds. 

Jo 

Hence 

I1A„(<)|| < MC '2 [ ||A„(s)|| ds + - a;||, 

Jo 

where Cq and C 3 are local Lipschitz constants of P and D^P, respectively, and 
C 2 ■= sup„ supsg[o.T] \\DxP{s, F{s,Xn))\\- By Gronwall’s inequality 

||A„(t)|| < - a;||, 

whence 

Next, we claim that 

DxF{t,x)y = ijj{t,x,y). (A.8) 

Let Eq > 0 be such that a; + ey G G for all e G [0 ,Eo]- For such e we write 
S{t, e) := F{t, X + ey) — F{t, x) — x, y), and obtain 


where 


5{t,£) = 


[ St-siP{s, F{s, X + ey)) - P(s, F(s, x))) ds 
Jo 

-£ St-sDxP{s,F{s,x))tf}{s,x,y)ds 
Jo 

[ Sts {DxP{s,F{s,x))S{s,£) + A(s,£)) ds, 
Jo 


A(s, e) := P(s, F(s, x+£y))-P(s, F(s, x))-DxP{s, F{s, x)){F{s, x+£y)-F{s, x)). 

By regularity of P and in view of (IA. 2 II there exists C 4 = C 4 {T, U) such that 

sup IIA(t,e)!! < C4£. 
te[o,T] 
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Hence, writing C 5 ■= suptg[o_T] \\DxP{t, F{t,x))\\, 

||5(t,e)|| < CsMT [ \\d{s,e)\\ds + CiMTe, 

Jo 

and by Gronwall’s inequality linie^o ll^(i;£)ll = 0, whence (IA. 8 II . 

By (IA. 8 II it follows that DxF{t, x)y is well defined for all a: £ t7 and y G X, and 
by 113 the mapping DxF{t, ■) : U ^ is continuous, hence F(t, •) G C^{U, X) 

for all t £ [0, T], 

Higher order regularity is shown by induction of the above argument. We only 
sketch the case C^. Let x £ U and 1 / 1 , 1/2 S and write 2 /i, 2 / 2 ) for the 
candidate of DlF{t,x){yi,y 2 ), which solves the inhomogeneous linear evolution 
equation 

^^2it,x,yi,y2) = A'tjj2{t,x,yi,y2) + DxP{t, F(t, x))'ip2{t, x,yi,y2) 

+ DlP{t,F{t,x)){DxF{t,x)yi,DxF{t,x)y2) 

'tp2{0,x,yi,y2) = 0 . 

Notice that the inhomogeneous part, DlP{t,F{t,x)){DxF{t,x)yi,DxF{t,x)y 2 ), is 
continuous in t £ [0,T] by induction. Hence 'tp 2 {-, x,yi,y 2 ) £ C'([0,T],A) is the 
unique mild solution of (IA.9II by Theorem lA.il Now let t £ [0,T]. One shows first 
that ip 2 (t, •, 2/1, j/2) '■ U ^ X \s continuous, uniformly in 2/1,2/2 G X with ||2/i|| < 1 , 
II2/2II < 1 (see Then the identity 7/2) =' 02 (^, 2:, yi, ^2) is proved 

(see (IA. 8 I 1 I. whence F{t, ■) £ C‘^{U,X). □ 
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